We propose gravity, matters and dark energy may be confined on different four dimensional minimal surfaces for the observer in five dimensional spacetime. Following this idea, we construct the equations of motion when gravity, matters and dark energy are confined on different minimal surfaces. Then in the background of Friedman-Robertson-Walker universe, we investigate the cosmic evolution when gravity and quintessence are confined on the minimal surfaces.
I. INTRODUCTION
The acceleration of the universe is usually interpreted with the help of dark energy. Dark energy can result from the cosmological constant, the ideal fluid, the manifestation of vacuum effects and the scalar field etc (For a very complete review of dynamical dark energy see [1] and references therein). The majority of dark energy candidates reflects the undisputable fact that the true nature and origin of dark energy has not been convincingly explained yet. What is more, there is another quite appealing possibility that dark energy is originated from the modification of General Relativity. In practice, there are many classes of modified gravity models which have been widely investigated such as f (R) gravity models [2] and the brane-world models [3] . In this paper we are particularly interested in brane world models.
The brane world models have been investigated in many phenomenological, cosmological and astrophysical aspects. One of the remarkable conclusions of these models is that the size of extra dimensions can be very large [4] or even infinite [5] [6] [7] [8] . This leads to many specific predictions that can be tested observationally now and in the coming future. There are mainly two kinds of brane world scenarios. They are Randall-Sundrum models [5] (RS) and the Dvali-Gabadadze-Porrati [3] (DGP) model. The single-brane RS models with infinite extra dimension arise when the orbifold radius tends to infinity. This extra dimension is curved or warped rather than flat. The RS models modify general relativity at high energies. By contrast, the DGP model modifies general relativity at low energies. Same as the RS model, the DGP model is a 5-dimensional model with infinite extra dimensions. Different from the Anti-de Sitter bulk of the RS model, the bulk in DGP is assumed to be 5-dimensional Minkowski spacetime.
Motivated by the idea of brane world, we consider the scenarios of gravity and matters confined on four dimensional minimal surfaces. As is well known minimal surfaces (or sub-manifold), most familiar as soap films, have great relevance to a variety of physical problems such as the positive energy conjecture, the materials science and civil engineering. In view of this point, we explore the relevance of minimal surfaces with gravity, matters and dark energy. To this end, one consider a five dimensional spacetime with the metric
whereg µν (x α ) and g µν (x α ) are the metric of curved four dimensional spacetime and f is the extra dimension. In this form, the extra dimension is curved due to the presence of h(x α ). In the background of this bulk metric, we shall construct the dynamical equations when gravity, matters and dark energy are confined on minimal surfaces.
As simple examples, we investigate the evolution of the universe when gravity and quintessence are confined on the minimal surfaces, respectively.
The paper is organized as follows. In Sec. II, we derive the equations of motion when gravity, matters and dark energy on the minimal surfaces. In Sec. III, in the background of Friedman-Robertson-Walker universe, we present the corresponding dynamical equations. In Sec. IV, we consider the cosmic evolution when gravity is confined a minimal surface. In Sec. V, we consider the cosmic evolution of quintessence when it is confined a minimal surface. Section VI gives the conclusion and discussion. Throughout this paper, we adopt the system of units in which G = c = = 1 and the metric signature (−, +, +, +).
II. EQUATIONS OF MOTION
The string theory reveals that the dimension of our spacetime must be higher than four on small scales [9] . So the observational and macroscopic four dimensional universe must be a super-surface, for example f in Fig. (1) , embedded in five dimensional spacetime. Here the metric of the 5-dimensional spacetime is assumed to be
f is the extra fifth dimension and x α = (t, x, y, z) are the coordinates of the four dimensional spacetime. We have x M = (x α , f ). The geometry of surface f = f (x α ) is described by the metricg µν (x µ ) which is induced from the bulk 5-dimensional metric as followsg
We then have
Hereg and g are the determinant of four dimensional metricsg µν and g µν on surfaces f = const and f = const, respectively. ∇ µ is the corresponding four dimensional covariant derivative on f = const.
Then the area of the surface is given by
When h = const and g µν = δ ν µ , it is exactly the form of the well-known formulae in Euclidean space. However, here it is applicable to Riemann space.
Variation of the area with respect to f gives the equation for minimal surface
When h = const and g µν = δ ν µ , it reduces to the famous equation for minimal surface in Euclidean space. It can be understood as the equation of motion for the "scalar field" f . So, if the surface f is regarded as a scalar field, the formulae for the area can be understood as the action of "scalar field" f . In particular, when energy is distributed on the surface f with density σ, the total energy on the surface is
which is a well-known result. Now we consider two surfaces, f 1 , f 2 as shown in Fig. (2). They are described by
respectively. Then the Einstein-Hilbert action on f 1 takes the form
When f 1 = const, it reduces to the usual form. We note that one can generally replace R with some function of K R, R µν R µν , R λ µνα R µνα λ for modified gravity. But for simplicity in this study, we shall consider K = R. On the other hand, if matters are confined on the surface f 2 , the action for matters takes the form
where L i is the Lagrangian of i-th component of matters. Combining these considerations, we write the total action
When f 1 and f 2 are identified with a constant surface, the action reduces to the Einstein gravity. But in general it differs from the latter when f 1 = const and f 2 = const. When f 1 is identified with f 2 , both gravity and the matters are confined on the same surface. Of course, one can assume different matters are confined on different surfaces. But here we only consider the case of two surfaces. Variation of the action with respect to g µν gives the Einstein equations
is the energy-momentum tensor for i-th component of matters. It is well-known that the definition of matter Lagrangian giving the perfect fluid energy-momentum tensor is not unique; one can choose either L i = p i or L i = −ρ i which provide the same energy-momentum tensor (see [10, 11] for a detailed discussion). Here ρ i and p i are the energy density and pressure, respectively. In the present study, we shall consider L i = −ρ i . Variation of the action with respect to f i give the equations of motion for the minimal surfaces,
and
The equations of motion from Eq. (12) to Eq. (15) are the main results of this study. We point out that there is no equation of motion for h(x α ) since the action lacks the derivative of h(x α ). Therefore h(x α ) should be given in advance. In the next sections, we shall consider h = 1 for simplicity.
III. EQUATIONS OF MOTION IN COSMOLOGY
In this section, we present the equations of motion in the background of Friedman-Robertson-Walker universe
where a(t) is the scale factor and dΩ 2 is the line element of two dimensional unit sphere. Except for perfect fluids, we also consider the quintessence field φ in the matter components with the Lagrangian density
with V (φ) a scalar potential. We obtain the Einstein equations as follows
The equation of motion for φ isφ
The equations determining the minimal surfaces are
and   1
where H =ȧ/a is the Hubble parameter and dot denotes the derivative with respect to cosmic time t. Given the equation of state
the system of equations (18-23) are closed. But they are rather involved. So we shall consider two cases. One is to assume only gravity on the dynamical minimal surface and the other is only quintessence on the dynamical surface.
IV. GRAVITY ON DYNAMICAL MINIMAL SURFACE
In the absence of matters or only gravity on the dynamical surface, the Einstein equations become (for simplicity, we replace f 1 with f )
We can read the energy and pressure of dark energy
The equation determining the minimal surface is
In order to study the dynamics of the system, we write the solution in the astomous form. To this end, we define
then the system of equations are
with N = ln a .
We find there are three branches of solutions, solution I, solution II and solution III. Solution I is given by
This is a radiation dominated universe. For solution II and solution III , we plot the equation of state
in Fig. (3) . It is found that Solution I, II and III have w = 1/3, w > 1/3 and w < 1/3 respectively. In particular, solution III can cross the phantom divide. Thus it is a potential candidate of dark energy. 
V. QUINTESSENCE ON DYNAMICAL MINIMAL SURFACE
In this section, we assume quintessence on the dynamical surface. We have the equations of motion as follows
where ρ m is the energy density of dark matter which has the equation of state w = 0. We conclude the density and pressure of dark energy
The equation of motion for φ isφ The equation determining the minimal surface is
In order to make dynamical analysis of the system, we should write the equations of motion in the autonomous form. So we define
then we obtain the system of equations
where
We have studied the exponential potential and the power-law potential,
respectively. For the exponential potential, λ is a constant and we are left with three dynamical equations. In Table  I Fig. (5) , by putting λ = 0.1, we plot . the evolution of equation of state w, the decelerating parameter q and the ratios Ω Λ = 8πρΛ 3H 2 for dark energy and Ω m = 8πρm 3H 2 for dark matter. They are consistent with the observations very well. For the power-law potential, λ is not a constant but Γ = n−1 n is and we are left with four dynamical equations. In Table II , we present the critical points of the system. In this case, there are six critical points. Points (a) and (c 1 , c 2 ) correspond to the matter dominated epoch. They are all unstable saddle points. Points (d 1 , d 2 ) corresponds to the quintessence dominated epoch but they all have the equation of state w = +1. This means quintessence ever dominates the universe before the dark matter (and radiation) dominated epoch. They are unstable nodes. Finally, point (b) represents the dark energy dominated universe. It is a stable node and has the equation of state exactly w = −1 regardless of the parameter Γ. In Fig. (6) and Fig. (7) , by putting n = 2, we plot the evolution of equation of state w, the decelerating parameter q and the ratios Ω Λ , Ω m for dark energy and dark matter. They are consistent with the observations.
VI. CONCLUSION AND DISCUSSION
String theory reveals that the spacetime must be higher than four on small scales. Further more, the brane world models tell us the extra dimensions not only exist bout also can be very large (or even infinite). On the other hand, minimal surfaces have many wonderful properties such as minimum area, minimum energy and so on. Motivated by these ideas, we propose our 4-dimensional universe locates on a minimal surface embedded in a 5-dimensional spacetime. Concretely, we construct the equations of motion when gravity and matters are confined on different minimal surfaces. In the background of Friedman-Robertson Walker universe, we derive the dynamical equations in the presence of matters and quintessence. As one example, we investible the comic evolution when gravity is confined on the minimal surface. We find the corresponding equation of state for dark energy varies from −∞ to +∞. This enables it to be a potential candidate of dark energy. As the second example we investigate the case when quintessence confined on the minimal surface. We find there are always stable nodes whether for exponential potential or power-law potential. This makes quintessence to be a very good candidate for dark energy when it is confined on the minimal surface. Finally, from the equations of motion, we conclude the physics of both gravity and matters may be significantly influenced due to the presence of minimal surfaces. Thus a number of questions as well as more fundamental issues, such as the Newtonian and post-Newtonian limits, the cosmic perturbations, the weak and strong self-field effects, the solutions for stars and black holes et. al remain open and deserve to be studied.
